Objective -The aim was to demonstrate how the beta distribution may be used to find confidence limits on a standardised mortality ratio (SMR) when the expected number of events is subject to random variation and to compare these limits with those obtained with the standard exact approach used for SMRs and with a Fieller-based confidence interval. Design -The relationship of the binomial and the beta distributions is explained. For cohort studies in which deaths are counted in exposed and unexposed groups exact confidence limits on the relative risk are found conditional on the total number of observed deaths. A similar method for the SMR is justified by analogy between the SMR and the relative risk found from such cohort studies, and the fact that the relevant (beta) distribution does not require integer parameters. Source of data -Illustrative examples of hypothetical data were used, together with a MINITAB macro (see appendix) to perform the calculations. Main results -Exact confidence intervals that include error in the expected number are much wider than those found with the standard exact method. Fieller intervals are comparable with the new exact method provided the observed and expected numbers (taken to be means of Poisson variates) are large enough to approximate normality. As the expected number is increased, the standard method gives results closer to the new method, but may still lead to different conclusions even with as many as 100 expected. Conclusions -If there is reason to suppose the expected number of deaths in an SMR is subject to sampling error (because of imprecisely estimated rates in the standard population) then exact confidence limits should be found by the methods described here, or approximate Fieller-based limits provided enough events are observed and expected to approximate normality.
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(Jt Epidemiol Community Health 1994;48: [313] [314] [315] [316] [317] In general, when confidence limits are found for a standardised mortality ratio (SMR), the observed value is treated as a Poisson variate, while the expected number is regarded as error-free.' Often confidence limits on the observed number are found by treating it as approximately "normal", but a better method is to use the relation between the Poisson and X2 distributions to get exact limits.2
The present paper was motivated by a medical student's project, which compared observed and expected numbers of hospital admissions for Asian patients on a general practitioner's list. The expected numbers for each age/sex band were found by applying the corresponding admission rates for whites to the Asian population at risk. Because the study was based on data from a single practice, it is reasonable to assume that the rates from which the expected number of admissions were found were themselves imprecisely estimated. Similar considerations would apply if deaths rather than admissions had been of interest. Under such circumstances the standard approach is invalid because the expected number of deaths will be subject to random variation. The problem is how to take this extra source of variability into account when assessing the statistical significance of an SMR.
One approach might be to find the exact sampling distribution but this is mathematically intractable. Another, approximate, method that would apply only if both observed and expected numbers were large enough to be treated as if normally distributed, would be to use Fieller's theorem for obtaining confidence limits on the ratio of two normal variables.3 Note that the ratio itself has a Cauchy distribution so there is no point in attempting to take standard errors as the variance does not exist. The Fieller-based approach is as follows using Liddell's2 notation where D =observed number of deaths and E = expected number: p= rl/(rl + r2)
rl, r2 are observed events in exposed and unexposed groups.
Relative risk= (rl/r2)*(n2/nl)=[p/(l-p)]*(n2/nl) (5) nl, n2 are person-years at risk or population sizes for exposed and unexposed. Confidence intervals on the relative risk are obtained by finding lower and upper confidence limits for p and substituting these in (5) . Since p is a binomial proportion, exact confidence limits can be found by exploiting the well-known relation between the beta distribution and the binomial.5 Specifically the integral:
is equal to the binomial expansion: 
and since Pr(r > k) = 1 -Pr(r < k + 1),
So, the lower 95% confidence limit for p is the value of p such that Be(p,k,n -k + 1) = 0025 while the upper limit satisfies Be(p,k+ 1,n-k)= 0975. In the past these values have been obtained by further exploiting the relation between Be and F distributions, but this is no longer needed as packages like MINITAN6 give the Be cumulative distribution function and inverse cumulative distribution function directly.
Now an SMR can be thought of as the relative risk obtained by comparison of an "exposed" group (the index population) with a synthetic "unexposed" group derived from the standard population. If the standard population is distinct from the index, or if the index population is only a small fraction of the standard so that the covariance of D and E is negligible, then the position is just as described above, except that the total number of events need not be an integer. The Be function parameters do not need to be integers, however, and so we can find confidence limits on p exactly as if we had followed up two real groups. This argument gives confidence limits that preserve the integer character of the observed number of events.
A MINITAB macro is listed in appendix 2 that finds these confidence limits: (a) Assuming no error in the expected number of events; (b) By the method described above ( If we assume that a 10% coefficient of variation is the maximum tolerable for an estimate of some "baseline" value (even tighter coefficients of variation are common in laboratory medicine) then we might assume the expected number to include random variation if the average coefficient of variation of the rates from which the expected numbers will be estimated exceeds 10%.
Alternatively, we might assume that the denominator of any SMR will be subject to random variation. The justification for this view is consistency: when comparing the mortality in a health district with that in the parent region, the expected number of deaths derived from regional rates is assumed to be error-free; yet if regional observed deaths (which go to form the regional rates) are compared with those expected from national rates, somehow they are now assumed to be subject to error. Hence when the denominator is less than about 100, so that the expected number has coefficient of variation more than 10% "exact" limits should be used. Even with this cut off our conclusions may be less well justified than we think. For example, with 125 observed events and 100 expected, the confidence limits assuming no error in the denominator are: 1 04 to 1 49, but these are 0 95 to 1-64 if we allow for error.
Fieller-based limits are similar to the exact values once approximate normality holds, but break down with small numbers of events. On the other hand these limits can easily accommodate covariance between observed and expected values, unlike the exact method.
Random variation (taken to be Poisson) in the numbers at risk in the index population can reasonably be ignored. In England and Wales the all-causes mortality rate is of the order of 280/100 000/y so to get a "reasonable" number of observed deaths such as 5, one would need of the order of 2000 person-years, which for a 20 year period gives n = 100 with cofficient of variation at 10%. For particular causes of death with lower mortality rates, of course, the numbers at risk would need to be greater still, with correspondingly less sampling error.
An additional potentially rather interesting consequence of beta-distribution derived confidence limits is that as none of the parameters need to be integer, we could compare disease rates in two cohorts where "definite" cases were scored as a "1" and less well established cases were given a value between 0 and 1. The advantage would be that we would avoid the problems of over-and under-diagnosis respectively caused by including or excluding "suspicious" cases. Alternatively, non-integer values could be the result of weighting each event by some measure of severity provided this ranges from 0 to 1. The relative risk would be found using equation (5), with confidence limits for (rl/r2) being obtained from the macro given here, on substituting rl for observed deaths and r2 for expected deaths and putting q = 0. Exact statistical methods are now becoming more widely available, as in the StatXact package,7 and can both reject and confirm conclusions based on classical methods. For the SMR, however, it is not necessary to have expensive, specialised software, and the wider limits given by exact methods -especially when error in the expected number is allowed for -may help prevent over hasty, unjustified decision making both in epidemiology and in public health. X2 is the critical value for X2 appropriate for the desired confidence limits.
Appendix 2 macro for 95% confidence limits on an SMR 
#--------------------------------------________
Now find confidence limits for the proportion 0/(0 + E) This # treats E as if from a separate, control group. The confidence # limits are conditioned on the sum (O + E) and uses the beta # distribution, for which E does not need to be an integer 
let k13=kl/k21 let k14=k21*(k21 -3.8416) let kl5= -2 *kl*(k21-k22*3.8416) let k16=kl*(kl -3.8416) let k17 = sqrt(kl5*kl5-4*kl4*kl6) let k18 = 0.5*(+ k15 -kl7)/kl4 let k19 = 0. hip replacement, these operations still accounted for nearly 20% of the total.2 With continued aging of the population, the number of people with hip fractures needing surgery will increase further.5 In addition, people with serious co-morbidities such as cancer and cardiovascular disease who may not have been considered good candidates for total hip replacement in the past are now being offered the procedure.4
The need for total hip replacement, or any other medical intervention, is a complex interplay of population demographics, patient and surgeons' attitudes, and economic and sociopolitical factors. We do not believe that the plateau for total hip replacement has been reached yet and support the call for further research into the needs... but for all age groups and for all indications. RAJAN 
